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INVERSE functions 

Key Concepts: 

1) For inverse function to exist, the function f(x) must be one-to-one for the given 

domain. When asked to determine if a function is one-to-one, students must 

apply the horizontal line test (HLT). Refer to lecture notes for relevant 

examples on HLT. 

Note (1): 

Functions that are strictly increasing and decreasing are one-to-one functions. 

Examples include lnx and e
x
.  

To prove if a function e.g. f(x) is strictly increasing or decreasing, students can 

determine the first derivative of the function i.e. f’(x). If f’(x) is always positive 

(negative) for the given domain, then f(x) is strictly increasing (decreasing). 

 

For example,   f(x) = lnx where x>0 

    
x

xf
1

)(' =⇒  

Since 0
1

>
x

 for x > 0 (i.e. domain), hence lnx is strictly increasing. Students are 

advised to remember this proof. 

2) All functions can have inverse once their domains are restricted to a one-to-

one function.  

Note (2): 

To obtain a one-to-one function, students can restrict the original domain of the 

function by sub-dividing it into intervals at the turning points.  

For example, consider the graph of y = f(x) below with original domain between 

a and b with 2 turning points at (c,d) and (w,z).  

For domain bxa ≤≤ , f(x) is not one-to-one. However if we sub-divide the 

domain into 3 intervals i.e. cxa ≤≤ , wxc ≤≤ and bxw ≤≤ , each interval is 

one-to-one and hence inverse function will exist in each interval. 
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It should be obvious to students now that turning points make any function not 

one-to-one! 

 

3) When inverse function exists, these theorems will apply 

i.e. 1−=
ff RD  and 1−=

ff DR . 

Domain of the function is usually provided in the questions or determined by 

the student for non one-to-one functions. The range of the function can be easily 

obtained using the GC.  

Note (3): 

Range refers to [minimum y-value, maximum y-value]. When working with 

questions involving function and its inverse, the curve involved is usually an 

increasing or decreasing curve meaning the max and min y values must occur at 

the extreme ends of the domain. 

 

For example, the graph y=f(x) below is a one-to-one function (strictly 

increasing). The domain is represented by ],[ caD f = . The minimum and 

maximum y values occurs at the extremes i.e. x=a and x=c respectively. Hence 

the range is represented by ],[ dbR f = . 

 

Using the theorems above, the domain and range of f(x) can be easily obtained 

i.e. ],[1 dbRD ff
==−  & ],[1 caDR ff

==−  

 

a b 

(c,d) 

(w,z) 

y = f(x) 
y 

x 
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4) Inverse function i.e. )(1 xf −  can be obtained by following these steps: 

Step 1 – Let y be the expression of f(x) 

Step 2 – Make x the subject 

Step 3 – Determine the inverse function 

Step 4 – Determine the domain and range of the inverse function by applying 

the theorems in (3) 

Note (4): 

If the expression is a quadratic equation in the form f(x) = ax
2
 + bx +c, students 

must apply completing the square before making x as the subject. 

  

For example, for f(x) = x
2
 + 3 where x < 0, following the steps: 

   Step 1:  Let y = x
2
 + 3 

   Step 2:  3−±= yx    

Remark: Do not forget the ± sign. Complete the square is not needed 

here. 

   Step 3:  3)(1
−−=

− xxf   

Remark: Positive sign is dropped because domain is negative.  

Step 4:  ),0(1 ∞==− ff
RD  & )0,(1 −∞==− ff

DR  

a c 

(c,d) 

(a,b) 

y = f(x) 

y 

x 
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Considering the theorem in Step 4 closely, students should observe 

that the sign of )(1 xf −  is depicted by the domain of f(x) i.e. 

ff
DR =−1 . This explains why the positive sign is dropped at Step 3. 

5) Use GC to determine the sketch of )(1 xf − .  

Note (5): 

Sketch must reflect the correct domain and range of )(1 xf − , otherwise students 

will be penalised. Use the two important theorems in (3) to determine. 

 

Special Note for inverse functions: 

)(xf and )(1 xf − are reflections about the line y = x. Some examiners like to ask 

students to determine the intersections between them.  

• Directly equating )(xf and )(1 xf − and solving them can be tedious. If you 

insist on this approach, please use your GC by inputting the two expressions 

and finding their intersection. However, this approach may not yield an exact 

answer. 

• Alternatively, you can equate )(xf = x or )(1 xf − = x to solve for the x-value 

of the intersection. You should observe that the point of intersections 

between )(xf and )(1 xf −  will lie on the line y = x since they are reflections 

about this line. 

For example, consider the function f(x) = x
2
 + 3 and its inverse 3)(1

−−=
− xxf  

used in the explanation above. 

Equating f(x) with )(1 xf −  i.e. 332
−−=+ xx , the expression will yield a quartic 

equation (4
th

 power) i.e. ( ) 33
22

−=+ xx .  

However by equating f(x) = x and xxf =
− )(1 , the expressions will yield quadratic 

equations which can be solved easily. 
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COMPOSITE functions 

Key Concepts: 

1) Important theorem 1:   

For fg(x) to exist, fg DR ⊆ . In words, range of g(x) must be a subset (or 

equal) to the domain of f(x). 

Note (6): (Very important) 

When fg(x) fails to satisfy fg DR ⊆ , this implies the composite fg(x) does not 

exist. 

However, if the range of g is restricted to satisfy the domain of f, fg(x) will 

exist. It is important to note that by restricting the range of g, the domain of g 

is changed accordingly. 

For example, consider f(x) = x
2
 + 3 where x≤0 and g(x) = ln(x-3) where 3>x  

To determine if fg exists, 

),( ∞−∞=gR  

]0,(−∞=fD  

Since fg DR ⊄ , fg does not exist. We can however make fg exist by 

restricting the range of g. 

Let’s consider the number line below: 

 

To make fg exist, we have to relocate the maximum Rg from ∞ to 0. By doing 

this, ]0,(−∞== fg DR , hence fg exist. In addition, domain of g will be 

changed accordingly. The new Dg will be: 

430)3ln( 0
=∴=−⇒=− xexx  i.e. new ]4,3(=gD  

Df 

0 

Rg To -∞ To ∞ 
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2) Important theorem 2: 

gfg DD =  i.e. the domain of fg is equal to the domain of g.  

When defining a composite function, it is usually necessary to state its 

domain. This theorem can be applied. 

To determine the range of fg, students should use GC to obtain the sketch, 

and then to obtain the min and max y-values. 

Note (7):  

Turning points will contribute to the either the max or min y-values, so use 

your GC to check if they exist. 

3) (Optional) Theorem 3: ffg RR =  

This is applicable only if fg DR = (i.e. range of g is exactly identical to 

domain of f).  

4) Composite functions can be obtained by using substitution. 

 

For example, for f(x) = x
2
 + 3 where x≤0 and g(x) = ln(x-3) where 43 ≤< x  

[ ] [ ] 3)3ln()3ln()(
2

+−=−= xxfxfg  

Remark: Substitute all x in f(x) with g(x). 

]4,3(== gfg DD  

),3[ ∞== ffg RR  using theorem 3 since ]0,(−∞== fg DR  
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Final Checklist 

By the end of the topic, students must be able to perform the following to secure 

maximum points in exam: 

• Determine whether composite/inverse function exists. 

• Find composite/inverse function. 

• Find restricted domain for composite/inverse function to exist. 

• Find domain/range for a function. 

• Sketch graphs of functions, their inverses and the line of reflection. 

• Find the point of intersection between the function and its inverse, using the 

fact that it occurs on the line y = x. 


